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Abstract: 
In this article, we show how multiple proportional reasoning strategies can be used to solve a 
single proportional reasoning task. Understanding these strategies and having tasks and materials 
that allow for different strategies can help teachers to incorporate student reasoning and allow for 
connections across different mathematical ideas to emerge. 
 







One Task, Multiple Proportional Reasoning Strategies 
 
 Research-based recommendations for implementing effective mathematics teaching 
practices highlight the importance of promoting student reasoning and sense making through 
analyzing multiple solution strategies (National Council of Teachers of Mathematics 2014). 
Although planning and enacting tasks through which multiple solution strategies emerge can be 
time-consuming, the availability of alternate solution strategies often supports student conceptual 
understanding of mathematical concepts. Providing opportunities for student-developed 
strategies to be included in mathematics instruction is important, and is supported by intentional 
task design and implementation (Boston et al. 2017; Smith, Steele, and Raith 2017; Tarr et al. 
2008).  
Proportional reasoning is a mathematical topic ripe with multiple solution strategies. 
Much work has been done to classify the ways students reason and solve proportional reasoning 
problems (Lamon 2007). Nikula (2010) describes six different strategies around how students 
may solve proportional reasoning problems: Unitizing, Norming, Partitioning, Building Up, 
Reasoning Up and Down, and Using Multiplicative Comparison. Teachers are encouraged to 
become familiar with students’ common solution strategies to proportional reasoning problems 
so they can support student reasoning and understanding and connect ideas between the 
strategies (Smith, Steele, and Raith 2017). Researchers have also found that teachers often solve 
proportional reasoning problems using formal strategies, such as setting up a proportion, over 
less formal strategies (Fisher 1988). This offers opportunities for teachers to make connections 
among a wide range of strategies that can highlight underlying mathematical concepts among the 
different approaches. To do this, teachers need access to resources, tasks, and curriculum that 
offer opportunities for students to showcase multiple solution strategies as well as support 
teachers connecting different student responses (Silver et al. 2005). 
 In this article, we examine a common proportional reasoning problem used in schools, 
often referred to as the Orange Juice Task. We describe how these six strategies described by 
Nikula (e.g. Unitizing, Norming, etc.) and one additional strategy can be used to either solve or 
make progress on the Orange Juice Task. We present work from teachers who solved this task 
and show connections between the strategies, illustrating opportunities for teachers to connect 
proportional reasoning strategies in problems such as this.  
The Orange Juice Task 
 Textbooks have historically included proportional reasoning problems about ratios and 
proportions in two ways. Lamon (2007) calls these two types comparison problems and missing-
value problems. She writes, “In a comparison problem, four values are given (𝑎, 𝑏, 𝑐, and 𝑑) and 
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 and the goal is to find the 
missing value” (p. 637). 
Consider the following Orange Juice Task (Lappan et al. 2009), or the many variants 
used in classrooms (e.g. Cherry Syrup). In this task, several “recipes” for creating an orange 
juice mixture out of orange concentrate and water are presented and solvers are asked to explain 
which juice will taste the most and least “orangiest”.  
 
 
Figure 1 – The Orange Juice Task (Lappan et al. 2009). 
 
The task requires solvers to compare complete ratios, categorizing this as a comparison 
problem. An approach that can be used to solve this problem is to create equivalent ratio mix 
recipes based on some desired target quantity (ex. Problem solvers may want to examine Mix 
recipes if each was made with 12 cups of concentrate, so they may ask, if Mix A has 2 cups of 
concentrate and 3 cups of water, what is an equivalent strength recipe to Mix A that uses 12 cups 
of concentrate?). Thus, students create their own missing value problems (where three values are 
known) while solving the comparison problem. The following section describes Nikula’s (2010) 
six strategies, as well as an additional strategy, all in the context of the above juice problem. 
 
Proportional Reasoning Strategies 
Unitizing 
 Solving by Unitizing is when a quantity in a ratio is chunked into units of a specific (and 
usually more convenient) size (Nikula, 2010). In the Orange Juice Task, there are three different 
quantities that can be unitized: the amount of water, the amount of concentrate, or the amount of 
mixed juice. Figure 2 contains three examples of Unitizing to have the same amount (in this case, 
one cup) of water, concentrate, or mixed juice. For example, with a target quantity of one cup of 
 Mix A  Mix C 
 2 cups concentrate 4 cups concentrate 
 3 cups water 8 cups water 
 
 Mix B Mix D 
 1 cup concentrate 3 cups concentrate 
 4 cups water 5 cups water 
 
Which recipe will make juice that is the most “orangy”? Explain 
Which recipe will make juice that is the least “orangy”? Explain 
concentrate, we notice that the amount of concentrate in Mix A’s original recipe (2 cups) can be 
divided into 2 units of our target quantity of one cup. Dividing the amount of water in Mix A’s 
original recipe (3 cups) also into 2 equal sized units shows us that there are 3/2 cups of water in 
each unit. Thus, an equivalent strength recipe to Mix A has 1 cup of concentrate and 3/2 cups of 
water. While a unit of one cup was used in this example as a convenient unit for comparing all 
four Mixes at the same time, other size units can be used to make the Unitizing strategy easier 
(such as units of 4 cups or ½ cup). This can be more flexible if only two Mix recipes are being 
compared at a time. When comparing across mixes, the mixes that taste “orangier” have (a) more 
concentrate, when the same amount of water is used, (b) less water, when the same amount of 
concentrate is used, or (c) more concentrate and less water when the same amount of juice is 
produced. See Figure 3 for a teacher-constructed example of a solution that uses the Unitizing 
strategy. 
 
Figure 2 – Original Mix A, B, C, and D are unitized across mixes to have the one cup of water, 
one cup of concentrate, or one cup of juice. 
 
Figure 3 – Teacher solution by Unitizing, chunking the ratio into a single cup of water to 
compare the Mixes.  
 
Through the questions they ask in the classroom, teachers can attempt to elicit specific 
solutions strategies, or ask students questions that can extend their thinking as they begin to 
make progress on particular strategies. For Unitizing, teachers may ask students to focus on a 
part of a quantity in a ratio and to treat that part of a quantity as a unit. For example, a teacher 
might ask, “If Mix C, was scaled down to use only two cups of water, how much concentrate 
should be used?” By noticing the original Mix C recipe is four equal groups of a two-cup unit of 
water, when the amount of concentrate is also split into four equal groups, then only one cup of 
concentrate is in each group. Students who have already begun unitizing can be asked about how 
they decided a particular size unit would be helpful in solving this problem. 
 
Partitioning 
 Solving by Partitioning is reasoning through how the entire ratio could be split into 
equivalent proportional parts (often so that there is a common element in the partitioned groups). 
For example, one could look at Mix C (4 cups concentrate to 8 cups of water) and partition this 
into four equivalent groups, each with 1 cup of concentrate and 2 cups of water. They could also 
partition Mix A (2 cups concentrate and 3 cups of water) into two equal groups, each having 1 
cup of concentrate and 1.5 cups of water (see Figure 4). Once created, students can then reason 
across ratios as the partitions of Mix A and Mix C have the same amount of concentrate. 
 
Figure 4 – One possible partitioning of Mixes A and C. 
 
Teachers might ask: “If Mix B, was split equally among 4 containers, how much water 
and concentrate should be in each container?” Students might then think about partition the 
recipe into 4 equal pieces with 0.25 cups of concentrate and 1 cup of water in each partition. This 
Partitioning strategy is more likely to be elicited with a question focused on dividing the ratio 
into a specific number of same size equivalent ratios. Students who have already begun 
partitioning could be asked how different partitions would affect the amount of the quantities in 
equivalent ratios, and if any specific quantities were more helpful to compare the strength of thee 
mixes. 
Building Up 
 Solving by Building up is when additional copies of the ratio are added to obtain an 
equivalent ratio. For example, one could reason the original Mix A has 2 cups of concentrate 
with 3 cups of water, so an equal strength recipe could have 4 cups concentrate with 6 cups of 
water, 6 cups of concentrate with 9 cups of water, 8 cups of concentrate with 12 cups of water. 
Also, since Mix B has 4 cups of concentrate and 1 cup of water, and equal strength recipe would 
have 8 cups of concentrate and 2 cups of water, or 12 cups of concentrate and 3 cups of water. 
(see Figure 5). Since these recipes both have 12 cups of concentrate, they can be compared to 
show that Mix A is “orangier”. 
 
 
Figure 5 – Visualizing copies of the original Mix A and Mix B being added. 
 
A teacher might ask students, “To create a recipe with the same flavor as Mix B, how 
much concentrate should be used if one gallon (16 cups) of water is to be used?” With this larger 
quantity of water, students could build up Mix B to reason that if 1 cup of concentrate is mixed 
with 4 cups of water, then an equivalent flavor could be obtained by mixing 2 cups of 
concentrate with 8 cups of water, 3 cups of concentrate with 12 cups of water, and 4 cups of 
concentrate with 16 cups of water. For students who have already begun building up, teachers 
might ask students how far they need to extend their list of equivalent ratios, or if there was a 
specific quantity they wanted to reach.  
Norming 
 Solving by Norming is involves examining how many times one ratio fits into another 
ratio (and whether fitting in copies of the ratio so that one quantity matches leaves the other 
quantity with any missing or extra). For example, Mixes A, B, and D could be “Normed” against 
Mix C which has 4 cups of concentrate and 8 cups of water. We can see how many copies of 
Mix A, B, and D are needed to fit into the 4 cups of concentrate of Mix C (See Figure 6 below). 
When copies of Mix A are normed to Mix C, 2 fewer cups of water are used. When Mix B is 
normed to Mix C, 8 extra cups of water are used. When Mix D is normed to Mix C, 4/3 fewer 
cups of water are used. In this way students can compare the four mixes. Additionally, the 
Norming process could have focused on the total amount of water or the total amount of juice 
produced in Mix C (or any of the other mixes).  
 
Figure 6 – The original Mixes shown with equivalent ratios, normed to have the same amount of 
concentrate as Mix C. 
When teachers ask, “How many copies of Mix B can go into Mix C? Will anything be 
extra or missing?” they can potentially elicit a norming strategy. Additionally, for students who 
have already thought about norming, a teacher might ask, “How does focusing on different 
quantities in a ratio change how many times one ratio can go into another ratio?” 
Reasoning Up and Down 
 When the Unitizing, Partitioning, Building Up, and Norming strategies are combined, a 
new strategy emerges, called the Reasoning Up and Down strategy. Consider starting with Mix C 
(4 cups concentrate and 8 cups of water), and wanting to know how much water should be used 
with this Mix recipe if only 3 cups of concentrate are used. Using Partitioning first, we could see 
that four equal sized partitions could be created resulting in 1 cup of concentrate with 2 cups of 
water in each partition. Then, we could use Building Up to see that 3 cups of concentrate would 
be combined with 6 cups of water to produce a juice with the same ratio as Mix C (See Figure 7). 
The reverse order could also partition it into an equivalent ratio. 
 
 
Figure 7 – Partitioning original Mix C and then built up to compare against other Mixes. 
To elicit the Reasoning Up and Down strategy, teachers can ask, “To produce a mix the 
same flavor strength as Mix A, how much concentrate should be used if 2 cups of water is 
used?” Students could then build up the mix recipe to know that a similar strength juice could be 
obtained from 4 cups of concentrate and 6 cups of water. Then they could also partition this new 
ratio into three equal sized groups to know that a same strength juice would be obtained with 4/3 
cups of concentrate and 2 cups of water. For students who have already reasoned down and then 
up, a teacher might ask students if they could instead reason up and then down, and would that 
change their answer.  
Using Multiplicative Comparison 
 One final method identified by Nikula (2010) is by using a Multiplicative Comparison. In 
the Multiplicative Comparison method, we look for either (a) a multiplicative relationship within 
the quantities of a ratio that is provided, or (b) a multiplicative relationship that will take the 
quantity in the provided ratio to the corresponding quantity in the new ratio (see Figure 8). To 
repeat the scenario from the previous strategy, if someone was Using Multiplicative Comparison, 
they might notice that in Mix C (4 cups concentrate and 8 cups of water), the amount of water is 
two times the amount of concentrate used. Thus, if 3 cups of concentrate are used, then it must 
be that two times this, or 6 cups of water, would produce an equivalent ratio that has the same 
strength juice. Alternatively, students might begin looking for a new ratio where the amount of 
concentrate is ¾ times the amount of concentrate used in the original mix recipe. Thus, the 
amount of water in the new ratio should also be ¾ times the amount of water used in the original 
recipe (6 cups of water in the new ratio). The Multiplicative Comparison strategy could be used 
to produce equivalent ratios in many of the examples above.  
 
Figure 8 – Teacher constructed solution with Multiplicative Comparison, identifying a 
multiplicative quantity that takes the total juice in each ratio to the same amount. 
 
Percent and Decimal Comparison 
 In addition to the methods identified by Nikula, we also present here an additional 
method used by teachers who have worked on this task. Part-whole ratios can be generated from 
the task prompt, which can then be converted to percentages or decimals (See Figure 9). 
 
Figure 9 – Teacher constructed example of using percentages to solve the problem. 
 
This example converts the ratio of orange concentrate to total juice, and water to total 
juice in all of these Mixes to percentages, showing how many parts of concentrate or water is 
used for every 100 parts of mixed juice created in each Mix recipe (this is where we get the word 
percent – per 100). Similarly, Mix ratios and percentages can be converted to be decimals to 
consider the amount of concentrate or water used in each recipe for every 1 part of mixed juice. 
Similar to the percentage approach, these comparisons rely on converting ratios into new, 
equivalent ratios that can be better compared. The use of percentages and decimals have this step 
of finding a common quantity “built in” to the process, essentially converting ratios to be per 100 
or per 1 of another quantity, respectively.  
 
Technology 
 We created this Geogebra applet (https://www.geogebra.org/m/k5enu5sv) to help 
illustrate some of the above strategies within the Orange Juice Problem. The teachers we have 
worked with have used the applet to visualize, experiment, and reason in ways supporting 
proportional reasoning solution strategies. For example, the applet allows users to (a) create 
additional copies of any mix recipe to supporting Building Up, (b) see how one recipe might fit 
inside another, and what quantities are left over, supporting Norming, and (c) create a unit in a 
mix and look for how many of that unit exist, supporting Unitizing. These strategies can be 
combined to Reason Up and Down, which can help develop a Multiplicative Comparison to 
solve which mix juice tastes the most and least orangey. Students can interact with this applet 
directly, or teachers can project this applet for the whole class, to see mixes being changed and 
compared and then asked if there was a numerical way to represent how mixes were changing in 
the sketch. 
Discussion 
 The Orange Juice Task is a multiple proportion problem, where multiple complete ratios 
were provided and students were asked to compare them. With many of the strategies presented 
above, the creation of strategic equivalent ratios with common quantities aided in the comparison 
of the original ratios. This intermediate step is an illustration of a second type of proportional 
reasoning problem, a missing value problem, in which the original ratio is provided and part of a 
target equivalent ratio is identified. The goal then is to find the missing value that will make the 
new target ratio equivalent to the original ratio. This then allows for the comparison across 
ratios, now with the newly obtained equivalent ratios. 
These multiple strategies allow teachers to highlight several connections across solution 
strategies. First, teachers can highlight the connection between comparison problems and 
missing-value problems. Finding equivalent ratios, a step helpful in comparison problems, can be 
thought of as their own missing value problems. Additionally, when comparing ratios, it is often 
helpful to have a common quantity across the ratios being compared. These targeted, common 
quantities can often be found by looking at common factors or common multiples of the 
quantities in the different ratios. Thus, teachers can help students connect that all of the above 
strategies involve the comparison of ratios, or their equivalent ratios, that share a common 
quantity. To do this, the strategies presented in this article do not benefit from being be taught 
separately, in isolation from one another. Instead, these strategies are connected by ideas around 
equivalent ratios, and common quantities, allowing students to understand commonalities and 
key ideas that cut across all of these proportional reasoning strategies. Understanding the various 
strategies and having tasks and materials that allow for different solution strategies to emerge can 
help teachers incorporate student reasoning and make connections across different mathematical 
ideas (Silver et al. 2005).  
 
Conclusion 
 It is important for teachers to know about the different proportional reasoning strategies 
and variations of proportional reasoning tasks, along with questions that can support particular 
strategies. Teachers can mediate the kinds of problems that students are exposed to and thus 
ensure students have experiences solving multiple types of proportional reasoning problems, 
making sense of multiple strategies, and seeing connections across the strategies. The more that 
students can come to view mathematics as interrelated ideas which can be used to help 
understand quantitative relationships, whether juice recipe strength or otherwise, the sweeter the 
mathematics classroom can be. 
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